Catastrophic events, though rare, do occur and when they occur, they have devastating effects. It is, therefore, of utmost importance to understand the complexity of the underlying dynamics and signatures of catastrophic events, such as market crashes. For deeper understanding, we choose the US and Japanese markets from 1985 onward, and study the evolution of the cross-correlation structures of stock return matrices and their eigenspectra over different short time-intervals or "epochs". A slight non-linear distortion is applied to the correlation matrix computed for any epoch, leading to the emerging spectrum of eigenvalues. The statistical properties of the emerging spectrum display: (i) the shape of the emerging spectrum reflects the market instability, (ii) the smallest eigenvalue may be able to statistically distinguish the nature of a market turbulence or crisisinternal instability or external shock, and (iii) the time-lagged smallest eigenvalue has a statistically significant correlation with the mean market cross-correlation. The smallest eigenvalue seems to indicate that the financial market has become more turbulent in a similar way as the mean does. Yet we show features of the smallest eigenvalue of the emerging spectrum that distinguish different types of market instabilities related to internal or external causes. Based on the paradigmatic character of financial time series for other complex systems, the capacity of the emerging spectrum to understand the nature of instability may be a new feature, which can be broadly applied.
Introduction
A stock market is a fascinating example of a complex system [1] [2] [3] , where the coherent collective behavior of the economic agents and their repeated nonlinear interactions, often lead to rich structures of correlations and time-dependencies [4] [5] [6] . The movements in the market prices are often influenced by news or external shocks, which can result in the unforeseen and rapid drop in the prices of a large section of the stock market, labeled as a market crash! On the contrary, the widespread existence of bubbles in financial markets and extreme movements of return series often result from the unstable relationship between macroeconomic fundamentals of the economy and the asset prices 7 . Since the societal impact of an extreme event like a market crash can be catastrophic 8, 9 , the understanding of such events 10 , the assessment of the associated risks 11 , and possible prediction of these events have drawn attention from all quarters: governments, industry participants and academia. Recent research has emphasized the roles played by bounded rationality as important causal factors for the observed disconnect between volatility of asset returns and movements of the underlying fundamentals, or the 'excess volatility puzzle' 9, 12 . A recent paper 13 presented the alternative view that the co-movements in financial assets are anchored to the corresponding macroeconomic fundamentals -the nominal returns from individual assets might drift far from what can be predicted using expected cash-flow, while the joint evolution of the co-movements of returns are still related to aggregate size variables like market capitalization, revenue or number of employees. There already exist papers related to economic fluctuations using network theory 14, 15 , but there is a lot more to understand about movements and fluctuations of markets.
It is widely accepted that complex financial markets are not amenable to mathematically analytic description nor to computational reduction -financial markets inherently unpredictable and the only way to study their evolution is perhaps to let them evolve in time! However, the detailed evolution of a complex system may not have much significance; it may be more interesting to study certain phases of the evolution, like rare events. A forecasting or prediction algorithm may be required for answering important questions related to rare events -predicting the occurrence of seismic waves or temperature rise, forecasting crashes or bubbles, etc. Such extreme events often reveal underlying dynamical processes and thus provide ground for a better scientific understanding of complex systems like stock markets, fractures or earthquakes 16, 17 . Theories and concepts from statistical physics have often proven to be of much use in studying and understanding the collective behavior in complex financial markets 6 . Tools from random matrix theory (RMT) 18 , self-organized criticality 19 , networks 20 , etc. have been used extensively to model such complex systems 21 .
We present a study of the time evolution of the cross-correlation structures of return matrices for N stocks, and the eigenspectra over different time-epochs, as traditionally analyzed using tools of RMT. Correlation matrices have been used as a standard tool in the analysis of the time evolution of complex systems, and particularly in financial markets 22, 23 . For this type of analysis, one assumes stationarity of the underlying time series. As this assumption manifestly fails for longer time series, it is often useful to break the long time series of length T , into n time-epochs of size M (such that T /M = n). The assumption of stationarity improves for the shorter time-epochs used. However, if there are N return time series such that N > M, this implies an analysis of highly singular correlation matrices with N − M + 1 zero eigenvalues, which lead to poor statistics. This problem can be avoided by using the non-linear "power map", which was introduced to reduce noise and break the degeneracy of the zero eigenvalues [24] [25] [26] . In this paper, we have used a small non-linear distortion (foregoing the noise reduction) for each cross-correlation matrix computed within an epoch, giving rise to the "emerging spectrum" of eigenvalues well separated from the original non-zero ones, which can be then used as a "signal" 26 . We then study the statistical properties of the emerging spectrum and show for the first time that: (i) the shape of the emerging spectrum reflects the market turbulence, and (ii) the smallest eigenvalue of the emerging spectrum may be able to statistically distinguish the principal nature of a market turbulence or crisis -internal reaction or external shock. Further, a linear regression model of the mean market cross-correlation as a function of the time-lagged smallest eigenvalue indicates, that the two variables have statistically significant correlation. For the USA, from 2001 onward, the smallest eigenvalue seems to indicate that the financial market has become more turbulent. Similarly for Japan, the nature of the market has changed from 1990 onward. For this, we use the GARCH(p, q) model 27 to estimate the volatility of a time series.
Methodology and Results
We take the different time series of the logarithmic returns r i , of the stocks in the USA and JPN markets (see Data description), and construct the equal-time cross-correlation matrix, with elements: C i j (t) = ( r i r j − r i r j )/σ i σ j , where i, j = 1, . . . , N and t indicates the end date of the time-epoch of size M. The correlations are computed over time-epochs of M = 20 days for the entire return series T = 8067 days for USA, and T = 7997 days for JPN. We study the evolution of the cross-correlation structures of return matrices C C C(t) and the eigenspectra over different overlapping time-epochs (shifted by ∆t = 1 day).
In Figure 1 For the short time-epochs of M = 20 days, following the methodology of the power map by Vinayak et al. 26 , we now give a non-linear distortion to each cross-correlation matrix within an epoch: C i j → (sign C i j )|C i j | 1+ε , where ε = 0.01. This gives rise to an "emerging spectrum" of eigenvalues. The Insets of Figure 1 (c) and (d) show the emerging spectra, which are considerably different from the non-distorted or normal spectrum. Notably, some of the eigenvalues are now negative! We further observe that the statistical properties of the emerging spectra get affected by market turbulence -the emerging spectrum is distorted semi-circular when the market is normal, while it is Lorentzian when the market is critical (turbulent) with very strong correlations. Figure 2 shows for the USA (a-d) and JPN (e-h): (i) market returns r(t), (ii) mean market correlation µ(t), (iii) smallest eigenvalue of the emerging spectrum (λ min ), and (iv) t-value of the t-test, which tests if lag-1 smallest eigenvalue λ min (t − 1) has statistical effect over mean market correlation µ(t) (described in Methods section). Using the GARCH(p, q) models for volatility modeling (given in Methods section) on all the three variables (especially the smallest eigenvalue of the emerging spectrum), it is evident that for the USA, from 2001 onward, the financial market has become more turbulent. Similarly for Japan, the nature of the market has changed from 1990 onward. The lag-1 smallest eigenvalue λ min (t − 1) seems to pick up (statistically significant at 2σ levels or higher) for most of the time, in ahead by one-day, the signal of how correlated the market would be. This feature could shed light and be exploited in designing market strategies, etc. The only periods when the and (e-h) JPN: (i) market returns r(t), (ii) mean market correlation µ(t), (iii) smallest eigenvalue of the emerging spectrum (λ min ), and (iv) t-value of the t-test, which tests the statistical effect over the lag-1 smallest eigenvalue λ min (t − 1) on the mean market correlation µ(t) (described in Methods section). The mean of the correlation coefficients and the smallest eigenvalue in the emerging spectra are correlated to a large extent. Notably, the smallest eigenvalue behaves differently (sharply rising or falling) at the same time when the mean market correlation is very high (crash). The vertical dashed lines correspond to the major crashes, which brewed due to internal market reactions (as confirmed by outlier test in Figure 3 and listed in Table 1 ). Note that for the USA, from 2001 onward, the smallest eigenvalue seems to indicate that the financial market has become more turbulent. Similarly for Japan, the nature of the market has changed from 1990 onward.
λ min (t − 1) fails to detect, are the broad periods (1990-91, 2000-02, etc.) which act like as bubbles or anomalies. However, the "Dot-com" bubble can be treated as an anomaly, since only a single industry was at crisis. Thus, smallest eigenvalue of the emerging spectrum can be effectively used for the characterization of market crashes and as a signal for market turbulence. Figure 3 shows that the shapes of the emerging spectra reflect the turbulence in the market. When the market changes from normal to critical periods, the shape (distribution) of the emerging spectra changes from distorted semi-circular (or similar to Marcenko-Pastur) to Lorentzian. Also, the smallest eigenvalue of the emerging spectrum (λ min ) seems to be an outlier whenever the crash brews due to some internal effects. We test whether the smallest eigenvalue of the emerging spectrum (λ min ) is an outlier or not, using the Silverman method 30 (outlined in the Methods section). We find that most of the recent major USA or JPN crashes are due to internal market reactions. The list of the major crashes is given in Table 1 , and the corresponding crashes are also indicated in Figure 2 . The Black Monday crash is one of the biggest crashes that occurred, and from the behavior of the λ min , it appears to be due to an internal reaction in USA and an external shock in JPN. There is obviously a delay between the two markets, and the JPN markets reacts after a few days. Thus, the λ min could be used as an indicator to study the lead-lag effects in the markets. The results of the outlier test as a plot of the -log(p-value), so that if the p-value is less than 0.001 (significant at 0.1% level), then only we reject the null hypothesis that the smallest eigenvalue of the emerging spectrum (λ min ) is not an outlier. The results are shown for USA (b) and JPN (c). It is noteworthy that at 0.1% level, λ min becomes an outlier in USA for the Black Monday crash, sub-prime global crash, european sovereign debt crisis and Chinese stock-market crisis. During Black Monday crash, the p-value does not become significant 0.1% level. On the other hand, during the Fukushima disaster, the λ min becomes an outlier for JPN but not for the USA at the same date. There is notably a lead-lag effect of the crashes across the globe, as can be examined through the behavior of λ min .
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Summary and discussions
In this paper, we studied the statistical properties of the emerging spectra and showed for the first time that: (i) the shape of the emerging spectrum reflects the market turbulence, and (ii) the smallest eigenvalue of the emerging spectrum may be able to statistically distinguish the principal nature of a market turbulence or crisis -internal reaction or external shock. Further, when we ran a linear regression model for the mean market cross-correlation as function of the time-lagged smallest eigenvalue, we found that the two variables have statistically significant correlation. The surprising and far reaching result we find is that the smallest eigenvalue (of the emerging spectrum) does not only anti-correlate trivially with the largest one, and thus with the average correlation, but in certain instabilities the anti-correlation turns into positive correlation. This change can reasonably be associated to the question whether a crash is associated to intrinsic market conditions (e.g., a bubble) or to external events (e.g., the Fukushima meltdown). Furthermore, the time-lagged correlation between the smallest eigenvalue and the highest one is not always very small and thus an indicator function may exist. These resuls are of deep significance for the undertstanding of financial markets but beyond that open a new window to the exploration of other complex systems that display catastrophic instabilities.
Methods

Data Description
We Tables 2 and 3 in Supplementary information.
Cross-correlation Matrix
Returns series are constructed as r i (t) = ln P i (t) − ln P i (t − 1), where P i (t) is the adjusted closure price of stock i in day t. Then the equal time Pearson correlation coefficients between stocks i and j is defined as C i j (t) = ( r i r j − r i r j )/σ i σ j , where ... represents the expectation computed over the time-epochs of size M and the day ending on t, and σ k represents standard deviation of the k-th stock evaluated for the same time-epochs. We use C C C(t) to denote the return correlation matrix for the time-epochs ending on day t.
Test for Outliers
Silverman 30 proposed a technique for using kernel density estimates to investigate the number of modes in a population. This technique can be used to identify if there is an outlier in the data. If there exists one or more outliers, then we can say that outliers are generating a separate (and distinct) minor mode other than the major mode, and the distribution would have more than a single mode. On the other hand, if there does not exist any outlier, then the distribution would have only one mode and all samples would be generated from a uni-modal distribution. We wish to find if the smallest eigenvalue (λ min ) is an outlier or not. So we set up the null hypothesis as -λ min is not an outlier, and the alternative hypothesis as -λ min is an outlier. Further, as indicated in the Lorentzian distribution of Figure 3 (a) , we are interested in the lower part of the emerging eigenspectra λ which has the λ min . So, we consider only the conditional distribution of λ given the median eigenvalue λ (m) , i.e., f (λ |λ < λ (m) ). Hence, the equivalent null hypothesis can be stated as f (λ |λ < λ (m) ) has a single mode. Mathematically, H 0 : f (λ |λ < λ (m) ) has exactly one mode.
The alternative hypothesis is
H A : f (λ |λ < λ (m) ) has at least two modes.
The Silverman test chooses the amount of smoothening automatically. Throughout, we set the level of significance at 0.1% level. That is, if the p-value is less than 0.001, then only we reject the null hypothesis.
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Linear regression Model for market correlation on lagged Smallest Eigenvalue
We consider a linear regression model for µ (mean market correlation):
where the β 's are the coefficients to be estimated, ε ∼ N(0, σ 2 ), t = 0, 1, 2, ..., T is the white noise, µ(t) is the mean market correlation at time point t, λ min (t − 1) is the lag-1 smallest eigenvalue, λ min (t − 2) is the lag-2 smallest eigenvalue, and λ min (t − p) is the lag-p smallest eigenvalue. Here, we choose p = 3 for our model. We then perform the t-test, which tests if lag-1 smallest eigenvalue λ min (t − 1) has statistical effect of mean market correlation µ(t); so, the null hypothesis and the alternate hypothesis can be stated mathematically as:
The t-value for estimatedβ 1 is calculated as
where se is the standard error in statistics. If the value of |t| > 2, we can say that the last day's SEV (λ min (t − 1)) has statistically significant effect over today's mean correlation (µ(t)). The value of t itself signifies the strength of the signal. The t-value for estimatedβ 1 over time is presented in Figure 2 .
GARCH(p, q)
The ARCH(p) process 27 is defined by the equation
where the {α 0 , α 1 , ...α p } are positive parameters and x t is a random variable with zero mean and variance σ 2 t , characterized by a conditional probability distribution function f t (x), which may be chosen as Gaussian. The nature of the memory of the variance σ 2 t is determined by the parameter p. The generalized ARCH process GARCH(p, q) was introduced by Bollerslev 27, 31 and is defined by the equation
where {β 1 , ..., β p } are additional control parameters. The simplest GARCH process is the GARCH(1,1) process, with Gaussian conditional probability distribution function,
The random variable x t can be written in term of σ t defining x t ≡ η t σ t , where η t is a random Gaussian process with zero mean and unit variance. One can rewrite Eq. 3 as a random multiplicative process
The results for the GARCH (1,1) 31. Bollerslev, T. Generalized Autoregressive Conditional Heteroskedasticity. J. Econometrics 31, 307-327 (1986). Table 2 . List of all stocks of USA market (S&P 500) considered for the analysis. The first column has the serial number, the second column has the abbreviation, the third column has the full name of the stock, and the fourth column specifies the sector as given in the S&P 500. Table 3 . List of all stocks of Japan market (Nikkei 225) considered for the analysis. The first column has the serial number, the second column has the abbreviation, the third column has the full name of the stock, and the fourth column specifies the sector as given in the Nikkei 225. 
